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ABSTRACT 

We  analyze  further  the  algebraic  properties  of  bi -Hamiltonian  systems  in 
two  spatial  and  one  temporal  dimensions.  By  utilizing  the  Lie  algebra  of 
certain  basic  (starting)  symmetry  operators  we  show  that  these  equations 
possess  infinitely  many  time  dependent  symmetries  and  constants  of  motion. 
The  master  symmetries  r  for  these  equations  are  simply  derived  within  our 
formalism.  Furthermore,  certain  new  functions  T12  are  introduced,  which 
algorithmically  imply  recursion  operators  Finally  the  theory  presented 

here  and  in  a  previous  paper  is  both  motivated  and  verified  by  regarding 
multidimensional  equations  as  certain  sngular  limits  of  equations  in  one 
spatial  dimension. 
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Recursion  Operators  and  Bi -Hamiltonian  « 

Structures  in  Multidimensions  II 

I 

I 

by  jj 

A.S.  Fokas  and  P.M.  Santlni 

I.  INTRODUCTION 

This  paper  investigates  certain  algebraic  aspects  of  exactly  solv¬ 
able  evolution  equations  in  2+1  (i.e.  in  two  spatial  and  in  one  temporal  • 

dimensions).  It  is  a  continuation  of  [1],  although  it  can  be  read  in¬ 
dependently. 

We  consider  evolution  equations  in  the  form  • 

qt  *  K(q) »  (i.i) 

where  q(x,y,t)  is  an  element  of  a  suitable  space  S  of  func-  • 

tions  vanishing  rapidly  for  large  x,y.  Let  K  be  a  differentiable  map  on 

this  space  and  assume  that  it  does  not  depend  explicitly  on  x,y,t.  If 

equation  (1.1)  is  integrable  then  it  belongs  to  some  hierarchy  (generated  •„ 

by  a  recursion  operator  hence  in  association  with  (1.1)  we  shall 

study  q^  s  K^(q).  Fundamental  in  our  theory  is  to  write  these  equations 

in  the  form  •. 


dy,6 


2U12*12*12 


■1  * 


,dy25l 2K1 2 


(n)  . 


K(n) 
*11  ’ 


(1.2) 


where  $12  *  <5 (y^ -Y2 )  denotes  the  Dirac  delta  function  qi  *  q(x,y1,t), 
i  ■  1,2,  ,q2)  belong  to  a  suitably  extended  space  S,  ^2  are  °Perator 

valued  functions  in  S.  If  q  Is  a  matrix  function  then  I  is  replaced  by  the 
identity  matrix. 


J 
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Throughout  this  paper  m  and  n  are  non-negative  integers. 

The  following  results  were  obtained  in  [1]: 
i)  There  is  an  algorithmic  approach  for  obtaining  the  recursion 


operator  ^  from  the  associated  isospectral  eigenvalue  problem,  ii) 

This  operator  is  hereditary,  iii)  Each  member  of  the  hierarchy 

(*T2*12*l)ll#  Jjp  dy2612*  12*12 ‘ lf  where  K12;1  is  a  startin9  symmetry,  is  a  syrmetry 


(1.2).  For  example  the  Kadomtsev-Petviashvil i  ( KP )  equation  and  the 


Oavey-Stewartson  ( OS )  equation  admit  two  such  hierarchies  of  commuting 
symmetries,  i v )  If  the  hereditary  operator  admits  a  factorization  in 
terms  of  two  Hamiltonian  operators,  then  hierarchies  of  commuting  sym¬ 
metries  give  rise  to  hierarchies  of  constants  of  motion  in  involution 
with  respect  to  two  different  Poisson  brackets.  For  example,  the  KP 
and  the  DS  equations  admit  two  such  hierarchies  of  conserved  quantities. 

The  above  results  extend  the  theory  of  [2]  -  [4]  to  equations  in 
2+1.  Novel  aspects  of  the  theory  in  2+1  include:  i)  The  role  of  the 
Frechet  derivative  is  now  played  by  a  certain  directional  derivative. 

If  subscripts  f  and  d  denote  these  derivatives  then  there  is  a  simple 
relationship  between  directional  and  total  Frech^t  derivatives: 


K12h^512F12^  3  K12^F1  *  k12  ^F11^  +  K12  ^22^  0-3s) 

d  f  ql  q2 

where  K^  is  an  arbitrary  function  in  S,  and  denotes  the  Frechet  de- 

q . 

rivative  of  with  respect  to  q.,  i.e. 


V"1 


*  * 


eF . . ,q . ) 
n  j ' 


i  ,j  *  1,2, 


(1.3b) 


Operators  on  which  directional  derivatives  are  defined  are  called  admiss¬ 
ible  [1]  (applications  of  the  d-derivative  in  explicit  examples  can  be  found 
in  Appendix  A,  see  also  Appendix  C  of  [l]). 


1 
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ii)  The  starting  symmetry  can  written  as  K^2  *1»  where  is  an 
admissible  operator.  Essential  to  our  theory  is  that  the  operators  acting 
on  suitable  functions  form  a  Lie  algebra. 

1.  For  the  equations  associated  with  the  KP  equation. 


$12  *  O^^+Oq^O^+q^D'^^D’1,  q*2  *  q1  t  q2+a(0-,  ;  02).  (1.4) 


where  0,  k  -<X-  .  The  starting  operators  are  given  by 
yi 

N12  ?  q]2,  M12  *  0q12  +  q120  ]q12. 


(1.5) 


and  H^2  is  an  arbitrary  function  independent  of  x,  i.e. 


^12  *  Hi2^1  ,y2^‘ 

The  Lie  algebra  of  K^2  is  given  by 

TN  H(1)  N  h(2)1  *  -N  H(3)  fN  H(1)  M  H(2)l 
L"l2H12  ,  n12h12  Jd  *  -N12H12  ,  LN12h12  *  "l2M12  Jd 

^(1)  M  ■  -♦  N  H^3^ 

L"l2M12  ’  M12H12  Jd  *12N12H12  ’ 


0.6) 


-M  H(3) 

-m12h12  , 


(1.7) 


where 


rK0)  k(2)i  a  K(l)rK(2)1  . 

LH2  *k12  Jd  K12.iK12  j  ^12.lH2  j’ 
a  d 


H1(I’  *  Cam’ll  *  L  -  Hli,H3Z))- 


(1.8) 


(1.9) 


2.  For  the  equations  associated  with  the  OS  equation 
*12  3  a(P12  ‘  Q12P12Q12)’  Q*2F12  ‘  QlF12  t  F12Q2’ 


P12F12  *  F12  ‘  JF12  "  F1 2  J’ 


(1.10) 


x  y,  y2 

where  J  *  a  a,  a*diag(l,-l) ,  Q  is  a  2  x  2  off-diagonal  matrix  containing  the 
potentials  q^(x,y),  q2(x,y)  and  ^2  is  defined  on  off-diaqonal  matrices.  Th*» 
starting  operators  <?-  are  given  by: 
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N12  *  Q]  2  *  M12  t  ^12j* 


(1.11) 


and  is  an  arbitrary  matrix  function  satisfying  the  following  properties: 


H-J2  diagonal  matrix,  2H1 2  = 


(1.12) 


[N  u(1)  N  H(2h/=  -n  TN  u(2h  =  M  u( 3 ) 

L  12"l2  *  H2M12  -*d  N12H12  ’  ‘-N12H12  ,M12H12  -*d  M12H12  ’ 

rA  H(1)  m  H<2h  -  h  h(3)  (UU) 

LM12H12  ,M12H12  "  ‘N12H12  ' 

iii)  The  recursion  operator  <^2  is  admissible  and  enjoys  a  simple  cormutfcti 
operator  relation  with  h12  =  h(y1-y2): 

3h,- 

^12,h12^  *  “3hl 2 *  h12  * 

which  implies  that  $12k{^  *  "  s^i)*12*5?2*12  •  where 

g  g  o  £*0 

si2  *  5  V3yr 

The  starting  operator  is  also  admissible  and  its  commutator  re1 
tion  with  h^  implies  that  can  be  wriTTen  in  the  form 


?  iiupi  ici  una  u  u]2  i2  tan  ue  written  m  trie 

A-  L.(n)  =  .  *n  ~0  ,  "  .  *n-i-0  .1 

1 2K1 2  51 2"  1 2K1 2  *]  ‘  ^0,^12  K12  °12 


(1.15) 


for  suitable  constants  b  .. 

n,x 


For  the  two  classes  of  evolution  equations  associated  with  the  KP 


equation  we  have  that 


3  =  -4a,  [N12,h12]  =  0,  [M17,h17]  =  -  30h^,  3  =  5/2, 


12  12' 


(1  .161 


^(J), 


for  s  N^2 


For  the  two  classes  of  evolution  equations  associated  with  the  OS 


2. 
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equation  we  have  that 

8  3  2a  ,  [N12,h123  3  [H]2.h12]  3  0 


(1.18) 


and 


i  ■•*<!> 


(MS) 


In  [1]  we  assume  knowledge  of  the  underlying  isospectral  problem. 

This  problem  implies:  a)  a  hereditary  operator  $|2;  &)  suitable  starting 

operators,  say  and  N^*  and  functions  H^;  c)  two  skew  symmetric  oper¬ 
ators  such  that  $12  3  Furthermore,  it  can  be  shown  that  *72 

is  a  strong  symmetry  for  the  starting  symmetries.  One  then  needs  to:  a) 

Find  S  and  b  appearing  in  equations  (1.14),  (1.15).  b)  Compute  the  Lie 
n  i  x> 

algebras  of  M^,  on  function  (i.e.  obtain  equations  analogous  to  (1.7),  (1.13).  c) 
Verify  that  the  starting  synmetries  correspond  to  extended  gradients,  i.e. 

verify  that  ( (ej^)'1  ^'^d’  *12  *  *12  or  "l2*  is  sy™*tr1c  with  resPect 

to  the  bilinear  form 


<g12’f12;>  *  jR3dX  dyldy2  trace  g21  f12' 

d)  Verify  that  ©j^,  ©j^  are  compatible  Hamiltonian  operators. 

In  this  paper  the  following  results  are  presented, 
i)  In  52  we  investigate  further  the  Lie  algebra  of  the  starting  symmetries 


(1.20) 


*12H12*  In  til  *e  only  used  a  subc1ass  of  solutions  of  (1.6)  and  (1.12), 

given  by  Hi2*h123>1^yl”y2^  and  H12 12 ^ a ^  a’  conSt" 

ants,  respectively.  This  gave  rise  to  time-independent  comnuting 

symmetries.  We  now  choose  to  &e  a  more  9eneral  solution  of  the 

above  equations;  this  gives  rise  to  time  dependent  synmetries. 

ii)  In  §3,  using  the  Lie  algebra  of  K?2,H12  and  an  isornorPb1sm  between 

Lie  and  Poisson  brackets  we  prove  directly  that  2M1 2  corresP°nb 
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to  conserved  quantities.  This  derivation,  which  capitalizes  on  the 
arbitrariness  of  H12,  has  the  advantage  that  does  not  use  the  bi- 
Hamiltonian  factorization  of  *n  other  words,  for  the  theory 

developed  in  this  paper  one  needs  only  to  verify  a)-c)  above. 

We  recall  that  Fuchssteiner  and  one  of  the  authors  (ASF)  introduced 
an  alternative  way  for  generating  symmetries,  the  so  called  master-symmetry 
approach.  A  master-synmetry  is  a  function  t  which  has  the  property  that 
its  Lie  commutator  with  a  symmetry  is  also  a  symmetry.  The  t  functions  for  the 
Benjamin-Ono  and  the  KP  equations  were  given  in  [5]  and  [6-7]  respectively.  Several  a 
ors  (E.g.  [8]-[12])  have  noticed  that  master-symmetries  also  exist  for  equations  in  1 
as  well  as  for  finite  dimensional  systems  [13].  Let  t  and  T  denote  mastery-symmet¬ 
ries  for  equations  in  2+1  and  1+1  respectively.  If  *  is  the  recursion  operator  and 
I  a  tK  +  Tg  is  the  scaling  symmetry  of  an  equation  in  1+1,  qt  *  K,  then 
T  *  <$Tq  is  a  master  symmetry.  However,  there  exists  a  fundamental  difference 
between  x  and  T.  The  function  Q_1T  (0  is  a  Hamiltonian  operator)  is  not 
a  gradient  function;  this  can  be  used  to  constructively  obtain  $  from  T.  But 
f  r  is  a  gradient  and  hence  the  above  construction  of  $  from  x  fails. 

In  this  paper  we  show  that  x  is  not  the  proper  analogue  of  T.  Let 
us  consider  the  KP  for  concreteness.  As  it  was  mentioned  earlier,  ^^2^1 2 ' 1  9enerate 

| 

time- independent  symmetries;  it  will  be  shown  here  that  9enerates  time  i 

p  A  * 

dependent  symmetries.  It  turns  out  that  t  *($12*12^1  +  y2^1i  (see  §IID)-  But  ! 
Q12't>12^12H12  an  extended  gradient  for  all  H^2,  hence  £~\  is  a  gradient 

2 

function.  In  §4  we  show  that  the  proper  analogue  of  T  for  the  KP  is  T12  *  $^25^2 

2  -1 

(it  corresponds  to  -1  for  the  KdV).  Actually,  G|2T^2  ’s  not  an  extended 
gradient  and  it  can  be  used  to  constructively  obtain  <f^2. 

In  §5  we  show  that  exactly  solvable  2+1  dimensional  equations  are 
exact  reductions  of  nonlocal  evolution  equations  generated  via  nonlocal  iso- 
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spectral  eigenvalue  problems.  This  result  both  motivates  the  basic  ideas  and 
concepts  introduced  in  [1]  and  in  this  paper,  as  well  as  verifies  several 
results  presented  in  the  above  papers. 


II.  A  LIE-ALGEBRA  FOR  EQUATIONS  IN  2+1 

In  developing  a  theory  for  time-dependent  symmetries  in  2+1  it  is  useful 
first  to:  i)  characterize  the  commutator  properties  of  these  symmetries,  ii) 
study  the  action  of  $  on  the  Lie  commutator  [a,bJL,  where 

[a,b]L  ♦  aL[b]  -  bja],  (2.1) 

and  aL  denotes  an  appropriate  derivative.  This  derivative  Is 

linear  and  satisfies  the  Leibnitz  rule.  For  equations  in  1+1  one  only  needs 

C*.b]f,  while  for  equations  in  2+1  one  also  needs  [a-)2,b12^d  ^se€ 


Lemma  2.1 


( r ) 

a'  '  is  a  time  dependent  symmetry  of  order  r  of  the  equation 


=  K,  i.e. 


3c 


(r) 


3t 


+  [c(r),K]L  =  0, 


(2.2) 


iff 


E  tV^,  E^  *  -  ,  j=l 

j*0  J  L 


r,  [K,Z(r)]L  -  0. 

(2.3) 


The  above  result  follows  from  the  definition  of  a  synmetry  and  the 
assumption  that  E^  is  time  independent.  It  implies  that  constructing  a 
symmetry  of  order  i  is  equivalent  to  finding  a  function  with  the  pro¬ 
perty  that  its(z+l)st  commutator  with  K  is  zero. 
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The  action  of  a  hereditary  operator  $  on  a  Lie  commutator  is  given 
by: 

Theorem  2.1  _ 

Let 

S  *  *l[K]  ♦  [*,Kl]  .  (2.4) 

Then 

K2]l  *  [K1,$nK2]L  +  (  "  ♦n“rS1$r'1)K2-  (2.5) 

If  <t>  is  hereditary,  i.e.  if 


*lO]w  -  4>4>l[v]w  is  symmetric  w.r.t.  v,w 


then  the  following  are  true 


(2.6) 


a2)  4>LC<t»nK3  ♦  C<l>,(4>nK)L3  *  ♦"S.  (2.7) 

«3)  •n4fl,[X1.K2]L  =  *  4>°(  4>m'rS1/’1)K2  -  4»m(  lUn'rS2*r'1)K1 


(2.8) 


(m,n  are  non-negative  integers). 


Proof. 

I 

To  prove  (2.5)  use  induction:  (2.5)g  is  an  identity.  Applying  $  on 
(2.5)n  we  obtain 

4n+1[KrK2]L  =  1>CK1  ,4>nK2]L  +  $(  E  ^"rS1  Z'1  ) <2 .  « 

r=l 

Equation  (2.5)n+^  follows  from  the  above  and  the  following  identity 

♦[Kr  M]l  =  [Kr*M]L  ♦  S3M.  • 

Equation  (2.7)  also  follows  from  induction.  To  prove  (2.8)  first  note  that 
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(2.5)  Implies 


AKrK2]L  -  (  E^m'rS1«r"')K2  =  [K1 ,0  K2]l.  (2.9) 

Equation  (2.5)  also  implies 

AKj.K^l  *  [A,, i2]l  -  (  E^n*rS2*r_1)Kr 
Let  ^  *  ♦mK2,  then  (2.6)  implies  §2  *  $m$2.  and  the  above  equation  becomes 


.n.,  .rtL 


^[KrA2]L  *  [<bnK1  ,^>mK2]L  -  (  E^n_rA^r'1)K] 
Applying  <$n  on  (2.9)  and  using  the  above  we  obtain  (2.8). 


Corollary  2.1 

Let  the  hereditary  operator  $  be  a  strong  symmetry  for  both  Kj  and  1^,  i.e. 


Si  *  S2  «  0.  Then 


*n+m[KrK2]L  =  [4.nKrA2]L. 


(2.10) 


In  the  rest  of  this  section  we  characterize  extended  symmetries  o-| 2 • 
The  following  theorem,  proven  in  [1],  maps  extended  symmetries  o-j 2  to 
symmetries  o^ ^ . 

Theorem  2.2 

Assume  that  the  conmutor  of  $]2  with  h^  is  given  by  (1.14)  and  that 
the  starting  operator  k^2  are  such  that  (1.15)  is  valid.  If  c12  is 
extended  symmetry  of  (1.2),  i.e.  if 

9o»2  n  -o 

—  +  [o12.612«12K12  -l]d  =  0, 


an 


(2.11) 


then  O'] i  is  a  synmetry  of  (1.2),  i.e. 


da 


_LI  ♦  r,  K(n)] 

3t  Loll,Kll  Jf 


3 


0. 


(2.12) 


In  the  above 


=  °17  ^K)l^  "  KlV 


(2.13) 


and 


^012,<S12*lV?2  *^d  = 


r  K  r  rf  X®1  I""- 

^0bn.£^aI2,$12  K12612V 


(2.14) 


It  is  necessary  to  rewrite  5]24>12K12  in  the  *om  appear1n9  1n  (2.14) 
since  the  directional  derivative  is  defined  only  for  functions  of  the  form 

a  ^ 

L12H12*  where  Li2  ’s  an  admissible  operator. 

Using  Lemma  2.1,  Corollary  2.1  and  the  Lie  algebra  of  (with 

appropriate  H,2)  we  obtain  extended  symmetries,  which  then  via  Theorem  2.2 
give  rise  to  symmetries. 


Proposition  2.1 

Assume  that  the  hereditary  operator  $12  is  a  stronq  symmetry  for  the  admissit 
starting  operators  and  that  (1.14),  (1.15)  hold.  Further  assume  that  M^i 

N12  form  a  Lie  algebra  (analogous  to  (1.7),  (1.13)).  Consider  the  following  hierarch 


q 

q 


Rdy26l 2^1 2^1 2 

jRdy 261 24>12^1 2 


Rdy2612N12) 

dy2512M12) 


=  N(n) 
N11 

= 


II 


(2.1 5a") 
(2.15b) 


Then: 

a)  ('5>i2M12  *]^l*  ^12N12  *^n»  are  symmetries  of  equations  (2.15). 

b)  Appropriate  linear  combinations  of  (S^l 2H12^  ir  ^12^12H12^'ll  for 
suitable  functions  generate  time  dependent  symmetries  for 
equations  (2.15). 

Rather  than  proving  the  above  proposition  in  general,  we  use  for 


concreteness,  the  Lie  algebra  (1.6)  to  sketch  how  the  above  results  can  be 
derived.  Details  are  given  in  II. A,  II. B. 
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'u  *  *"*12*  MlT  •  *"M1 


i(^)  s 


(2.16) 


Then,  using  corollary  2.1,  equations  (1.7)  imply 

r£(m)H(l)  £(n-*)H(2)-.  *  Jj(m+n-l)H(3)  ru(m)H0)  fi(n-l)„(2rr  * 
LN12  H12  *n12  H12  Jd  N  H12  ’  LN12  H12  >M12  M12  Jd 


rSWul1)  fj(n*t)u(2)i  .  _„(m+n-t)  (3)  r;;(m)H(l)  »i(n-Ou(2)i 
L"l2  H12  ’N12  H12  Jd  (2  H12  ’  L"l2  H12  ’*12  H12  Jc 


"(m+n-t)  (3) 
’n12  h12 

(2.17) 

:(m+n+l-£)  (3) 
N12  H12 


Part  a)  of  the  proposition  is  a  direct  consequence  of  equations  (2.17)  and 
(2.14).  For  example 

•»{*>.  0. 

since  h|^  *  *  0;  thus  are  extended  symnetries  of  (2.15a). 

Consider  part  b)  of  Proposition  2.1.  Let  us  first  consider  symmetries 
of  order  one  in  t.  Then 


$12 (yi  +  y2)  '  t26(f)N{j+n-1) 

$12 (y!  +  y2)  -  t28(")M1<^n‘1) 


(2.18) 


are  first  order  time  dependent  extended  symmetries  of  (2.15a).  Similarly 


•  (y}  *  y2)  -  t2  bnJ  -1,  (2.19a) 

m[J}  .  (y}  +  y2)  -  t2(bn>1)N(m+n)  -1,  (2.19b) 

are  extended  symmetries  of  (2.15b)  with  b„  ,  =  (-4a)  Z  2*s(""d). 

n,i  s=0  4*s 

To  derive  the  above  we  use  Lemma  2.1  and  equations  (2.17).  For  example. 


(2.19b) 


to  derive  (2.18)  we  look  for  a  function  such  that  its  coirmutator  with 

51 2^1 2^*1’  commutes  with  <512N12^'1  '  C1ear1y  ^12^  =  ,112^yl  +  y2^  or 


^1*2 (-^1  +  y2^'  ^0r*  (2.17a)  ’mPlies 


2^1  ♦  y2).  S]2"u  *l]d  *  2S(J)N(m*n“1)-I. 

since,  h|^  *  Cy-j  +y2 •  3  -2<5^  £», where  6^  l  *  0  if  i  t  1  or  1  if  i  *  1 . 

In  a  similar  manner/ 

^12(yl  +  y2)2‘  t4S(7)N1(2+n'1)(yi+y2)  -  t?4S2('jl)2N|2+2n'2).l 

”'2/  *  >2?'  t4S(7)fi<fn-ll(y!.y2)  *  tV(J)2S,(r2'"2ll  <2'20’ 

are  second  order  time  dependent  extended  symmetries  of  (2.15b).  Similarly 

•  (y1  +  y2)2-  t4bnjM^m+n‘,1J  •(y1+y2)  +  t24b2 JN(m+2n"1).l,  (2.21a) 
M(m)  •  (y7  +  y2)2-  t4bnjlN(m+n)  .(y1*y2)  +  t24b2JM(m+2n"1).l, 

bn,V’(*4a)(n  +  ?>•  (2.21b) 


are  extended  symmetries  of  (2.15b).  Indeed 

^yl  +  y2^’  l512^12^^d  *  43(")n|2  n  ^(y/y2). 
since,  [(y^)2,^]  «  -4(y7  ♦  y2)5M-  Also 

CNj2+n"1)(y1>y2),  512Nj5}-l]  =  23(" )N1(5*2n"2)-l  . 


The  extension  of  the  above  results  to  any  order  in  time  is  straight 
forward:  To  generate  aj2^  consider  3  ^12^1^2  ^  or  ^^(yl  +y2^ f‘  The 
commutator  of  (y/y2)r  with  5^  produces  (y^  +  y^)1"-''. 

Thus  the  rth  commutator  of  (y/y2)r  with  ^  P^uces  1  which  commutes  with 
d|2^;  hence  Lemna  2.1  guarantees  the  existence  of  an  rth  order  symmetry. 
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II. A.  Time  Dependent  Symmetries  for  the  Equations  Associated  with  the 


KP  Equation. 

Following  the  construction  and  the  argument  sketched  above,  extended 
symmetries  of  order  r  in  time 


Q(r)  m  r 
12  j,0  12 


(2.22) 


are  generated  through  Proposition  2.1,  starting  with  lj2^  *  '  H jp 

or  •  H{2r),  where  h|^ ,  is  defined 


*  (yx  ♦  y2)r; 


(2.23) 


more  generally,  any  homogeneous  polynomial  of  degree  r  in  y-j  and  y2  could  be 
used  as  well  (note  h£2  solves  (1.6)).  Using 

[h'J1,  4‘2Jj  -  -(1  -  (-l)S?e(r-s)TFfjTT  H^*S).  (2-24) 


1 ,  a  _>  0, 
0,  a  <  0, 


(2.25) 


we  can  show  that 


i)  The  class  of  evolution  equations  (2.15a)  with  N^2  *  q^2  admits  t- 
dependent  symmetries  of  order  r  given  by 


.(0)  «  C(m)  .  H(r) 
•12  "l2  H2 


(2.26a) 


(2.26b) 


and  by 


r(0)  3  £(■")  • 

Z12  "l2  H1 2 


j  i 


(2.27a) 


(2.27b) 


“h«ipe  the  ,5«nwijiri4»r»  £  from  5..  $. . f,  zero  to  P  . 
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I 


V 


ii) 


where  j  >  1,  ?n  2  (n-l)/2  if  n  is  odd  and  (n-2)/2  if  n  is  even.  Also 

(2.23) 


;(r,j,s)  *  (  i  9(r  -  Z  2s  *1))(  n  &n f2s  +l > 

J  •  ..a]  1=1  t-l  A 


r! 


and  b„  ,  2  (-4a)*(?)- 
n,  i  *• 


J 

(r  -  I  2Sj  +  l) ! 
1=1 


,-l  - 


admits  t-dependent 


The  KF  class  (2.15b)  with  M12  2  Dq12  +  q12&  <?12 
symmetries  of  order  r  given  by 

r(0)  ,  Jm)  .  u(r)  (2.2- 

rl2  N12  H12  •  ? 

Jm+2jn+j-  Z  2st*l)  (r.2J  2slH)  (2  *«b) 

=  Ev(r,2j,s)N12  t-1  H12 

2j-l 

,N  -(■*(2J-1)«*M-  2  2stn)  (r.2j-l2  1} 

z(2j-l)  ,  rv(r,2j-l.s)M12  *-m)  H1Z  th 


r(2j) 

“12 


and  by 


JO)  .  u(m)  .  H(r) 
E12  "  M12  H12  * 


(2  ?0.; 


2j 

^(n*2jn+j  -  Z  2s,+l)  (r.2J  2s  +i) 

(2j)  3  Ev(r,2j,s)M12  1*1  1 


(2.30b) 


'12 


Jm+(2j-l  )n+j 
1 ^  =  I  v(r,2j-l  ,s)N12 


Zi~\  n  2j-l 

£2Vl>(r-  £  Vl) 

J-31  H12  1  =  1 


(2.30c) 


with  J  >  1  ani  a„_,  •  :  3 ‘*S3S(";|1  *  (-4l,\:,02  {l-s]- 


•s,n-s, 


L 


l 
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H.B.  Time  Dependent  Symmetries  for  the  Equations  Associated  with  the 
Oavey-Stewartson  Equation- 

The  construction  of  t-dependent  symmetries  for  the  equations 
associated  with  the  DS  equation  is  similar.  Extended  symmetries  of  order  r 
in  time  are  generated  through  Lemma  2.1,  starting  with 
^(0)  3  £(m)  H(r)  Qr  where  the  solution  is 

defined  by, 


hJ;*  *  diag(^  ,£r  ),  €i  ♦  y.+y-sZa*  {/•  <' ) 

12  "12  ’12  1  6 

satisfies  the  same  formula  (2.24),  obviously  replacing  CH[2^,lS12^I 
[ H 1 2 ^ , 6 22 1  ] i •  Then,  using  Corollary  2.1  and  equations  (1.13),  one  can  show 
that 

a 

i)  The  class  of  evolution  equations  (2.15a)  with  N.^  *  Q-jg  achn1ts  t_ 

dependent  symnetries  of  order  r  given  by  equations  (2.26)  and  (2.2/;, 
where  b^  *  SA(J)  *  (2a)l(J)  and  j  >  1. 


ii)  The  class  of  evolution  equations  (2.15b)  with  M]2  «  Q12a  admits  in¬ 
dependent  symmetries  of  order  r  given  by  equations  (2.29-30), 
replacing:  ^  ^  in  equation  (2.29b),  ^  ^  ^  in 

equation  (2.29c),  in  equation  (2.30b),  ^  ^ 

in  equation  (2.30c)  and  using  bn  ^  s  (2  a)  Mi)  . 


II. C.  Connection  with  Known  Results. 

Before  the  discovery  [14]  of  the  recursion  operator  of  the  KP  equation, 
a  different  approach,  the  so-called  master-symmetries  approach,  was  used  to 
generate  an  infinite  sequence  of  commuting  symnetries  [6],  as  well  as  t- 
dependent  symnetries  [7],  [11],  of  the  KP  equation  (see  also  [18],  [19]). 

The  existence  of  a  hereditary  operator  in  2*1  dimensions,  together  with 
the  Lie  algebra  of  the  starting  symnetries  allows  a  simple  and  elegant  char*'" - 


erization  of  the  2+1  dimensional  (gradient)  master-symmetries  introduced  in 
the  above  papers.  Here  we  briefly  consider  the  KP  example. 

In  Proposition  2.1  and  in  §11. B.  we  have  shown  that  the  functions 


(m,r) 

12 


t  $ 


m  0  H(r) 

12  i2H12  ’ 


(2.32) 


(where  is  defined  in  (2.23),  but  it  could  be  any  homogeneous  polynomial 

of  degree  r  in  y^,  y2,  and  k^/is  or  M^)  have  the  property  that  their 
(r+l)st  commutator  with  ’s  zer0*  name^y 


.  o.  (2.33) 

r+1  times  r+1  times 


Then  Theorem  4.1  of  [1]  implies  that 


r.  .  .  rT(m,r)  (n). 
L  L t  1 1  »  . 


n  •  ■  '  -If  •«. 

r+1  times  r+1  times 


(2.34) 


namely  are  the  so-called  mas  ter- symmetries  of  degree  r  of  KP  [11].  Equa¬ 

tion  (2.33)  essentially  follows  from  the  fact  that  a  single  commutator  of 
T12,r^  ^12^12^  9enerates  a  linear  combination  of  lower  degree  master- 

symmetries;  in  fact,  choosing  for  concreteness  T12,r)s<>T2^12(yl  +  y2J  and 


K12^  =  M12^’  we  have 


^12*  ),<512M12^d  3  '^0bn,ift12  •  512^I 


n 

i»l 


./  .  .3  r!  u  _ (m+n , r-  0 
w(r* ^TFTTTT  bn,4  -12 


which  implies 


r_(m,r)  M(n),  _  ..  *  .  ,»  r!  u  _(m+n,r-l) 

[in  ,Mn  T-yr  bn,ru 


n  "'ll 

For  r  3  1  equation  (2.36)  becomes 


(2.35) 


(2.36) 


r. (m.l)  M(n) i  h  M(m+n). 

C'll  *M11  bn,lMll  ’ 


(2.37) 


master-synwetries  of  degree  1  generate  equations  which  belong  to  the  given  hierarch 
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III.  LIE  AWO  POISSON  BRACKETS  FOR  EQUATIONS  IN  2+1 

In  this  section  we  first  derive  an  isomorphism  between  Lie  and 
Poisson  brackets.  Then,  using  this  isomorphism  and  the  Lie  algebra  of  the 
operators  **  prove  that  @72  *12^1 2  are  exten<*e<*  9radients.  This  implies 
that  all  extended  symmetries  of  the  previous  section  give  rise  to  conserved 
quantities. 

Theorem  3.1 

Let  [a,b]L  s  a L [b ]  -  bL[a]  be  a  Lie  cormutator  and  <f,g>  be  an 
appropriate  symetric  bi -linear  form.  Let  grad  I  be  the  gradient  of  a  func¬ 
tional  I,  defined  by  IL[v]  *  <grad  I,v>;  then  y  is  a  gradient  function  iff 
yL  *  y*-  where  M*  denotes  the  adjoint  of  the  operator  M  with  respect  to  the 
above  bi-linear  form,  i.e.  <M*f,g>  *  <f,Mg>.  Then  if  the  operator  0  is  a 
Hamiltonian  operator,  i.e.  if 

0*  *  -0,  <a,0L[0b]c>  +  cyclic  permit  *  0,  (3.1) 

then 

[3f.3g]L  *  3  grad<f,0g>  +  0{(fL-f£)[3o]  -  (gL-g*)[0f]) •  (3-3) 

Proof. 

grad<f ,3g>[v]  *  <fL[v],0g>  +  <f,0L[v]g>  ♦  <f.3gL[v]> 

=  <f*[0g]  -  g*[0f]> 

=  <f*[9g]  +  M*f  -  g*[sg],  v>, 

where  <f,3L[v]g>  3  <f,M  [v]>  and  denotes  a  linear  operator  depending  on  g. 
Hence 

[0f,0g]L  -  3grad<f , 3g>  -  3L[0g]f  ♦  3fL[3g]  -  3Lt3f]g  -  39LC'3f] 

-:f g]  +  3g£[3g]  -  3**f 

ojegjf  -  \[3f]g  -  0M*f  ♦  G{(fL-f[)[og]  -  (gL-g£)Cof]}- 


9 


-18- 


8ut  the  stun  of  the  first  three  terms  of  the  above  equals  zero  because  of 
(3.1).  Hence  (3.2)  follows. 

In  the  above  a^  denotes  an  appropriate  directional  derivative.  For  equations  n 


[a,b]L  3  [a.b]^,  <f,g>  3  j  dx  trace  gf. 


For  equation  in  2+1 


^a12,d12\  *  ^a12,d12^d*  <^11’^11>  ~  Z  dx  dy  trace 

F 


<f12,g12>  “  I  2  dx  dyl dy2  trace  g21f12 

•  R  *" 


(3.4) 


(if  f  and  g  are  scalars,  then  delete  trace),  where  [  ]^,  [  are  defined  in 

(2.13),  (2.4).  Furthermore  the  following  double  representation  of  the  func¬ 


tional  I 


T  f  f 

I  *  2  dx  dy^trace  *  3dx  dy1dy2512trace  °\z 

J  R  *  R 


(3.5) 


allows  to  define  the  extended  gradient  grad.jl  and  the  gradient  grad  I  of  the 


functional  I  by 


ld^v12^  *  I  3dx  dyldy2f12trace  *  <grad12I,  v{z> 

*  R 


I f C v  1 1  ]  a  I  2dx  dyjtrace  ou  [v^j  *  <grad  I.v,^ 
J  R  f 


(3.6a! 


(3.6b 


The  following  theorem,  proven  in  [l],  maps  extended  gradients  y^  to 
gradients  y^: 

Theorem  3.2. 

a)  y^2  and  are  extended  gradients  and  grdients  respectively  if f 

Y  ^  3  Y, 7  and  y*.  *  y. .  ,  with  respect  to  the  bilinear  forms 

14d  iC^  Uf 

(3.4c)  and  (3.4b)  respectively. 

b)  If  y^  is  an  extended  gradient,  then  y^  is  a  gradient  corresponding 
to  the  same  potential,  namely  if  v, ^  3  grad^I,  then  y^  3  grad  I. 
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Proposition  3.1 

Assume  that  the  hereditary  operator  is  a  strong  symmetry  for 
the  starting  symmetries  and  N^H^.  Further  assame 

A  A 

that  M.j 2 •  form  a  Lie  algebra  (analogous  to  (1.7)  and  (1.13))  and  that  3^  is  a 
Hamiltonian  operator  whose  inverse  exists.  Then 

9 12^12*12^12’  ^12  *  M1 2  or  ^12  (3.7) 

are  extended  gradients,  provided  that  3 1 2K?2H1 2  are  exten<jed  9radient. 

Proof 

For  concreteness  we  proof  the  above  proposition  for  the  recursion 
operator  and  starting  symnetries  associated  with  the  two  dimensional  SchrUdlnger 
and  2x2  AKNS  problems. 


IIIA.  Conserved  Quantities  for  Equations  Related  to  KP  Equations 
Corollary  3.1 
Let 


12  *  q12’  M12  ‘  0q12  +  q12°  q12 ’  H12  *  H^yry2^’  ^12*  '  °  1 2M12 ’ 


,(n)  . 


NlV  *  *12^12’  012  s  D’ 


(3.3) 


where  ^  is  the  recursion  operator  associated  with  the  KP  and  is  defined  by 
(1.4).  Then 


O-W-'IhW  .  grad^H^.  0",N(1 

.  gr,d<S<">H<’>,  O-’Sh^L. 


12 


(3.91 


Proof 

We  first  note  that  the  assumptions  of  Proposition  3.1  are  fulfilled. 
Namely  is  hereditary  and  is  a  strong  symmetry  of  NH^  (see  Leima 
4.2  and  Appendix  C.la  of  [1]).  The  operator  0**  is  obviously  a  Hamiltonian 


- 1  * 
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Since  1s  an  extended  gradient.  Theorem  3.1  and  (1.7c)  imply  that 

0“ 1 ^ H-j 2  ’s  an  extendecl  gradient.  Then  Theorem  3.1  and  = 

imply  by  induction  (3.9a).  Finally  Theorem  3.1  and 
MH^ 2 ^ 3^  *-  N^n+^  imply  by  induction  (3.9b). 

A  consequence  of  the  above  result  is  that  all  symmetries  derived  in 
§11. B.  give  rise  to  consderved  quantities.  For  example,  the  following  t-dependent 
extended  synwetries  (see  (2.19b}  and  (2.21a)) 

^  8  *12){*1  +*2}  rU  •  !• 

°12}  *  S12)(yl  *  y2)2  +  t24aM{j).(y1+y2)  ♦  t2144a2N{j*l)  .  1, 

of  the  KP  equation  q1  s  m||)  *  2(q.  +  6q,q.  +  3a2D"*q,  )  correspond  to 

t  xxx  Ax  y^ 

extended  gradient  functions  0  and  ®”^°i2^‘»  then  they  9^ve  rise  to  the 

following  t-dependent  conserved  quantities  (see  equations  (4.15)) 

i<u  *  I/*  d^(nW°'Isir%  *  v>u * -uu). 

‘(2)  *jp2dx  *5^<D‘lsSrI1(V^>)n  * 

.  i!a|s!(0-is(^2)  .  1)u) . 

III.B.  Conserved  Quantities  for  Equations  Related  to  OS  Equations. 

Corollary  3.2 

Let  ,  . 

M12  '  Q12^’  N12  *  Q12’ 

h,2  diagonal  and  such  that  p12Hi2a0,  M12^  •  51 2^1 2 ,N12^<S12N12 ,312  *  T’ 

(3.10) 

where  i s  the  recursion  operator  associated  with  the  OS  equation  and  is 
defined  by  (1.9).  Then 


cM^>h(3) 

-:(n)..(3)  .  _,^i(n)u(l)  ^u(l)> 


(3.11) 
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Proof 

The  assumptions  of  Proposition  3.1  are  again  fulfilled  (see  lemma  4.2  and 
Aooendix  C.2a  of  I’ll).  The  ooerator  o  is  obviouslv  Hamiltonian  in  a  <;pao*»  of  off- 

a  a 

diagonal  matrices.  Furthermore,  °*i2^12*  °^12^12^12  are  extend€<1  gr^di en t s  (see 
Appendix  A). 

Since  the  above  are  gradients,  N^1  1  implies 

(3.  ).  Then  Mh{2*]  *  -N^H^  implies  (3.11). 

The  above  implies  that  the  symnetries  derived  in  §11. C.  give  rise  to 
conserved  quantities.  For  example,  the  1st  and  2nd  order  t-dependent 


symmetries 


!J}  *  ”i2^H12 ^  "  8ot  •  I 


\V  *  -  tlfaM^M^  +  t264a2l?5"+2)  •  I 


12  12 


of  the  OS  euqation  Q1  *  m[2^  *  -[2a(Q1  +  a2Qj  )  -  ♦  A^],  (D-JD1)A1 

t  xx 

*  -2(D+JDj)aQ^,  obtained  from  equations  (2.29-30),  correspond  to  the  extended 
gradients  aa^,  00i2^’  then  9ive  rise  t0  tlie  ^°^lowin9  t-dependent 
conserved  quantities  (see  equations  (4.24)): 

r(l)  -  r  ri*  tr^paTn  1  , n~ l,;(m*l ) H ( 1 ) \  t4g  *(m+l)  .  n 

-  2dx  dy  trace  atQr2(m^l)(D  M12  H12  'll  ‘  m+1  N12  IJ’ 


f  2dx  dy1traceo(Q1,2(|J1+1)(D  2n|2  1)h[2))u  - 


t8arn-lft(m+l)H(lh 
STI(0  M12  H12  'll 


*  tW(D-Ifi(r3) 


Du]- 


IV.  ON  A  NON-GRADIENT  MASTER-SYMMETRY. 

In  this  section  we  make  extensive  use  of  the  isomorphism  between 
lie  and  Poisson  brackets.  Hence  it  is  useful  to  investigate  the  properties 


0(gL  -  g£)  -  \  ♦  3T*9  ;  T  ?  9g,  3^  * 


(4.1) 
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Lemma  4.1 :  Let 

s  *  *l[t]  ♦  [«,tl3. 

(4.2) 

with  its  adjoint 

S*  »  <t*[T]  ♦  [T*.  4*]. 

(4.3) 

a)  If  4  is  hereditary  then 

+(4nT)^  -♦*(  A)[  -  s*$*n  . 

(4.4) 

b)  If  $  is  factorizable  in  terms  of  compatible  Hamiltonian  operators, 

i.e.  if  $  *  where  n  +  \>Q  is  a  Hamiltonian  operator,  9  is 

invertible  and  v  is  an  arbitrary  constant,  then 

(♦T)l  +  0(*T)*9‘1  =•  0(Tl  ♦  QT^"1)  ♦  GS‘0"1,  (4.5) 

where  we  have  assumed  for  simplicity  that  0L  *  0. 

c)  (♦nT),  +  0($nT)*0_1  *  <&n(T,  ♦  0T*9_1)  ♦  Z  Or‘10^n‘rS*0"1.  (4.6) 

**  *■  U  L  p*] 

Proof 

Equation  (4.4)  is  the  adjoint  of  (2.7)  for  K  3  T.  Equation  (4.5)  is 
derived  in  Appendix  8,  and  (4.6)  follows  from  (4.5)  by  induction. 


Theorem  4.1 

Assume  that  <P  is  factorizable  in  terms  of  compatible  Hamiltonian 
operators  and  that  9^  =  0.  Further  assume  that  9-^$nM  is  a  gradient  Function 
and  that  <P  is  a  strong  symmetry  for  M.  Then 


*"-rV1M  =  SgradO'%nM,  *mT>  -  Z  P1"1  2 
r»l  r»l 


■4m(TL  ♦0T*0'1)onM  -  ^n+m[M,T]L 


(4.7) 


Proof 


Using  the  fact  that  3'^nM  is  a  gradient,  equation  (3.2)  becomes 
[♦nM,«inT]L  »  0grad<0*^4nM,  4mT>  -  { (0mT>L  *  Q(  A)*0']  }4>V  (4.8) 
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Si  nee  M  is  a  strong  synwetry  of  ♦  ,  Theorem  2.1  implies 

0"M,AL  *  <&n+m[M,T].  +  <A  E  ^n'rS^r_1)M.  (4.9) 

L  1  r-1 

Using  the  above  and  (4.6)  in  (4.8)  we  obtain  (4.7). 

Equations  (4.6  )  and  (4.9)  are  useful  irv  finding  non-gradient  master- 
symmetries  for  equations  in  2+1..  Furthermore,  Theorem  4.1  is  useful  for 
deriving  the  potentials  of  various  gradients.  Formulae  (4.6),  (4.9)  and 
(4.7)  take  a  particularly  simple  form  if  the  function  T^  is  such  that 

1)  si2  *  si2  *  cl*  (4.10a) 

where  1  is  the  identity  operator  and  c  is  an  arbitrary  constant,  and 


ii ) 


012T12d<3 


-1 

12 


0. 


(4.10b) 


In  the  following  two  examples  the  non-gradient  master-symmetries  are  generated 
through  functions  T12  that  satisfy  equations  (4.10). 


IVA.  Equations  Associated  with  the  KP  Equations 

Corollary  4.1 
2 

a)  ^12^12  1S  a  non-gradient  master-symmetry  for  the  KP  and  the  equations 
related  to  KP: 

C<tl2K°2Hi2**i2512^d  ’  Vl2l*12H12* 

8<*’l2  s  ^12512^d  +  912^  12 512^d312 ’  (4.12) 

where  bn  and  are  given  by 

bn  *  4n’  H12  *  H^y 1  ’^2 ^  arbitrary*  if  K°2  »  N12  (4.13a) 

and  by 

bn  a  2(2n+l) ,  H12  «  (y1>y2)r,  r  =  0,1,  if  kJ2  »  «12  . 


(4.13b) 
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b) 


Then 


Let 


;(n)  *  *n-0  ;0  s  Q-lj^O 

y12  •  *12Y12’  r12  '  12  12 • 


>12>H12  =  9rad121n’ 


I 


*  -  —  <v^n  +  ^H  6  >  =  — 1— 

"  '  Y‘2  12'  12  Vl 


n+1 


2  dx  dy1(v[2  1 ^H!2^ 11 • 


(4.14) 


(4.15a) 


3  dx  dxxdy2 <512^12  1)h12  = 


(4.15b) 


where  bp  and  are  given  in  (4.13) 


Proof. 

If 


T12  =  512,  (4.16) 

equation  (4.10b)  is  trivially  satisfied  and  equation  (4.10a)  holds  for  c  *  4, 

since  4>12  [6^]  *  $*2  ^12^  *  4'  Ecluat1on  (4.1 2)  is  a  simple  consequence  of  (4.6) 
d  d 

for  n  =  2;  using  the  following  results 


*  12^12H12’6  12^d  =  °’ 


(4.17a) 


*12^12^yl+y2^r,512^d  =  ^121^12^yl+y2^r  ’  r  =  °*1, 


(4.17b) 


(see  Appendix  A)  in  equations  (4.9)  and  (4.7)  (with  M 
(4.13)),  we  obtain 


*12H12  and  H12  aS  in 


h  <  i  -  w  4,n+m*l.?0  „ 

Lv12^12M12’ M2  !2Jd  n  12  ^1212 


(4.18) 


(that  reduces  to  (4.11)  for  m=2),  and 


1|^12H12  =  3i2^radl2  <  y12^H12’*12  512>  ’  (4,19) 

where  we  have  used  s  ^12^12*  Equation  (4.19)  reduces  to  (4.15)  if 

one  uses  the  definition  of  <^-|2’^12>  9^ven  (1-20)  and  (3.4c). 


Remark  4.1 

i)  T  *  ^1  is  a  non-gradient  master- symmetry  for  the  KdV  equation.  Given 
T  one  recovers  <t  from  T^.  ♦  GT£0  ^ .  Equation  (4.12)  is  the  two- 
dimensional  analogue  of  this  well  known  formula  [8]-[10]. 

i i )  Theorem  3.2  implies  that  equations  (4.15)  with  m*l,  H^=l  reduce  to  the 
following  formula  [6] 

Y11  3  F-  grad  2  dx  dylYll+1^  (4-20) 

11  Dn+1  1  11 

An  analogous  formula,  for  the  KdV  equation  is  well  known 
(n)  1  f  j  (n+1 ) 

i"  aJrarm9radjR2dXY  • 

iii)  We  observe  that  equation  (4.18)  for  =  1  cannot  be  projected  into 
equation  (2.37). 


nations  Associated  with  the 


luation 


Corollary  4.2. 


y  ^ 

a)  ^  12T12 *  T12  *  2  0<^125 1 2 1  ’  1  =  is  a  non-gradient  master- 

symmetry  for  the  OS  and  the  equations  related  to  DS: 


b) 


[i 


n  u  0  y  *2  y  "i 

12  i2M12* y12  12  Jd 


.n+ljO  u 
n^12  K12H12’ 


(4.21) 


2^*12 

=  ^12T12^d  +  012^  12T12 ' 

1  d°  1 2  ’  3 12  =  J’ 

(4. 

.22) 

where 

^  Q 

K12H12  iS  de^ined  in 

.11-12). 

Let 

2  (n)  .  *,n~0  ,;0  : 

'  12  "12  Y12 ’  f 12 

-  '-1)?0  m  -  - 
^1212*  J12  '  ’■ 

(4. 

■  23) 

Then 

^  1 2 1 H 1 2  *  9rad12'n- 

(4 

.24a 

>n  !  HTI'  iir1’H12*T12>  ’  '  Tlbrj;^  dx  \2 


•  7lhn  |n2dx  d*itraci!  «r(?[r1)H12)u]. 


(4.24b) 
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Proof: 


If 


T12  •  \  cQ12512U  (4‘25) 
equation  (4.10b)  is  satisfied  and  equation  (4.10a)  holds  for  c  =  1  (see 

Appendix  A).  Then  the  derivation  of  equations  (4.21),  (4.22)  and  (4.24)  is 

analogous  to  the  one  of  Corollary  4.1  (see  Appendix  A). 


V.  2+1  OIMEWSIONAL  EQUATIONS  AS  REDUCTIONS  OF  NON-LOCAL  SYSTEMS. 

In  [1]  and  [14]  the  classes  of  evolution  equations 

qlt  *  |Rdy26l  2*1 2*12  (5' 

where  4^  and  Are  defined  in  (1.4-5),  were  algorithmically  derived  from 
the  spectral  problem 


wxx  +  q( x +  awy  =  °- 


(5.2) 


In  this  section  we  show  that  equations  (5.1)  are  exact  reductions 
of  equations  non-local  in  y,  generated  by  the  following  non-local  analogue 


of  (5.2) 

wxx  +  qw  +  aWy  =  Aw, 


(5.3) 


where 


(3f)(x,y)  * 


dy2  q(x,y,y2)f(x,y2), 


(5.4) 


Hereafter  the  symbols  u  and  u12  indicate  the  integral  operator  defined  by 


(uf)(x,y)  r 


1  F 


dy2u(x,y,y2)f(x,y2) 


(5.5) 


and  its  kernel  u^2  *  u(x,y^,y2),  respecti vely. 

The  algorithmic  derivation  of  the  classes  of  evolution  equations 
associated  with  (5.3)  is  standard;  its  main  steps  are: 
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I 


i)  Compatibility. 

A  compatibility  between  equation  (5.3),  written  in  the  more  conven¬ 
ient  form  (  ")  3  (/V  D  I)  (WW).  and  the  linear  evolution  equation 

x  x  ’q"  y'  x 

(  WL  *  VL").  yields  the  following  operator  equation 
"x  1  x 

\  "  £xxx  +  M  +  a0y,2^x  +  W  +  aDy,2x]+  +  [2|  +  aDy,D  1  C^i  ♦ 


♦  aDy.S]]  +  X(-4cx  +  Aq  -  Eg)  +  £Q(d  ♦  aOy)  -  (3  ♦  aOyjAg,  (5.6) 

where  the  scalar  integral  operator  2c  is  the  1,2  component  of  the  2x2  matrix  integra 

operator  V,  AQ  *  Eg  *0  and  [  ,  ]  and  [  ,  ]+  are  the  usual  commutator  and  anti- 
commutator.  x  x  * 

11)  Equation  for  the  kernel. 

The  operator  equation  (5.6),  together  with  the  definition  (5.5), 
implies  the  following  equation  for  the  kernels  q12,  c12,  A-j2  and  ^12:  1 


q12*  3  °^12C12  +  7^12  ’  ^12)A12  *  7^12  *  ^12^12  +  X(’4c12  +  A12  '  E12J 


where 


i  g2  +  ^  r>-la+  n  ^  n’la-  r>-l2_ 


1^12  ~  D  +  ^ 2  +  ^  ^12^  +  ^12’ 

.  (q13f32  -  f13g32)dy3  +  a(Dl  +  °2)f12 


q*2f12 


(5.7) 

(5.8a) 

(5.8b) 


iii)  Expansion  in  powers  of 
Let  us  first  assume  that 
n 


12  =  2^  ’  E12  =  A12  =  °’ 


(5.9) 


equating  the  coefficients  of  aj(0  £  j  <_  n)  to  zero  we  obtain: 

cl(2}  •  »  ii12ci2>  +  h12’1)(1  1  j  <  ">’•  ql?  3  °^12C12);  where 

-  H(J)(yi,y2). 
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Then  c|°>  •  £  ls"V:s«iS'S)  •"« 
s*0  u  u 


l  4 5  Of’  H 


-n-s+iH(n-s)a  -  .s-n~n-s*l  .H(n-s) 


*t  s=0 


12  12 


7  d3  "s"  3  4  -Hu'' 
512  M12 


where 


*12  •  O^O*1  3  02  ♦  *  D^”1  +  ^20’1^2D’1- 


!  5. 10) 


(5.11) 


If  we  assume  that 


CI2  3  j CT 2 ^ *  E12  3  A1 2  3  H12^  3  H^^yl,y2^ 

then  cjj1  »  0'1q1“2-fi1(ri)+H1(5);  (1  <  j  <  n); 

q12  *  2C1 2^4^12^12 ^  ’  wher*  Hi2^  *  H^(yi»y2)*  The  ch°ice  *  0  for 

0  £  j  <  n  yields  c[^  3  I  4S-nqjn-s0- 1  n-s>i }  and 

_  _ntljS-nnjn-s+ln-l:-  n(n-s+l)  rV\s-nTn-s+ls-  n(n-s+I)  /c  i7\ 

12t  s>0  12  12  12  s»Q  $12  12  12  ' 

Thus  the  isospectral  problem  (5.3)  generates  the  classes  of  evolution  equa¬ 
tions  (5.10)  and  (5.12) 

It  turns  out  that  the  transformation  q12  -  ,  <^(*^1) .  is  an  exact  re 

tion  of  equations  (5.10-11)  if,  at  the  same  time,  4-s “nH ^2~S ^ 4.S~fTH^2V'^” S ^ 

a S /n  +  1 )  r  s  .  •  .  .  ~+ 

3  s  6  12*  In  th1s  case  <^2  ■*  <1^2*  ^12  ■*  ^12  and 

4,2q't’".Eo8V*1)^'i)'4'2  "  si2*#°‘l  *612*12  V'  (5-U4> 

^vlV^1’*"2'^'2'4^  ■  512»?2  Vk  <5-,3t” 

Proceeding  exactly  in  the  same  way  it  is  possible  to  show  that  the 
nonlocal  eigenvalue  problem 


w  *  JWv  ♦  QW  ♦  \JWt 

^  y 


(5.14) 


generates  the  following  class  of  evolution  equations 


(5.15) 


n 

Z 

£*0 


V  1*1*2 


Q12  •  Q(*.y].y2)» 


where 


^12^12  *  a^P12  "  qi2P12qi2^F12*  F12  *  ^C***]’^ 

q*2Fl2  *  {Rdy3^13F32  -  F13Q32^* 
a  *  diag(l,-1)  and  h|^  is  defined  by 

P T 2H1 2 ^  *  q*  H12^  diagonal. 


off-diagonal  (5.16a) 
(5.16b) 


(5.16c) 


Also  in  this  case  the  transformation  0-|2  ■*  5i2Q]  a  reduction  of  (5.15) 
if  an  ^  8^(£)  (8  *  2a)  and  h|^  ■+  <5^1  °r  ^ac^»  Q-J2  *  qi2* 

$12  •*  $i£.  Thus  one  obtains  the  following  classes  of  equations 

512Qllt  *  *  d12*12Q12r 

or 

512Qllt  *  £203*(t}<>12qi25lV  3  512^T2QT2a* 
associated  with  the  eigenvalue  problem 


(5.17a) 

(5.17b) 


W  =  JW  +  WQ  •*■  XJW. 
x  y 

The  above  results  clearly  imply  that  all  the  notions  introduced  in 
[1]  to  characterize  the  algebraic  properties  of  equations  in  2+1  dimensions 
can  be  justified  and  interpreted  in  terms  of  the  algebraic  structure  of  the 
corresponding  non-local  versions.  For  example: 

i)  The  above  derivations  both  motivate  and  explain  the  derivation  of  the 
recursion  operators  introduced  in  [1]  and  [14].  In  particular  the  crucial 
role  played  by  the  integral  representation  of  differential  operators  is 
clari fied. 

i i )  The  directional  derivative  introduced  in  [1],  which  is  the  main  tool 
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ne«d«d  to  Investigate  the  algebraic  properties  of  equations  in  2+1  dimensions, 
can  be  derived  from  the  usual  Frechdt  derivative  in  the  space  of  non-local 
operators.  For  example,  the  Frechdt  derivative  of  3*2g12  in  a  directi 


:ion 


f  12  15 


g12^f12^g12  “  f12g12’ 

,  dy3(f13g32  1  g13f32) 


f12g12  * 


(5.18a) 

(5.18b) 


which  is  exactly  the  direction  derivative  ^i2^g12  introduced  in  [!]• 

d 

ill)  The  definition  of  an  admissible  function  and  of  its  derivative  follows 
from  the  fact  that  reduced  functions  admit  a  double  representation;  for 
example  (5.13b)  implies 
n 


J0e*(|M2*q12612  *  612*12q12 


(5.19) 


But  the  directional  derivative  is  defined  only  on  the  admissible  representa¬ 
tion  given  by  the  left  hand  side  of  (5.19),  which  is  the  form  of  the  function 

^  —  f)  -  £  -  (  2,) 

before  the  reduction:  Z  ant£$i2  ^12^12  ' 

In  Appendix  A  we  investigate  (equations  (A. 3))  the  algebra  of  the 
nonlocal  operators  aj2  defined  in  (5.18b).  Here  we  remark  that  this  algebra 
can  also  be  interpreted  as  an  algebra  of  matrices  in  which  t  indicates  the 
oeprations  of  anti  commutator  and  conwutator  respectively,  namely  a  b  =  ab  r  ba 
(See  also  Appendix  C  of  [1].)  This  is  not  a  coincidence  and  the  following 
important  observations,  here  illustrated  on  the  recursion  operator  of  the 
KP  class,  can  be  made. 


i) 


Integral  operators: 


q12f 12  3  iR  dy3(q13f32  *  f13q32)> 


(5.20a) 
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q12  *  612ql  +  a512‘  (5.20b) 

♦ 

is  equivalent  to  the  introduction  of  the  integral  operator  q^.  Then 
becomes  the  nonlocal  recursion  operator  defined  in  (5.11)  and  associated 
with  the  nonlocal  eigenvalue  problem  (5.3). 


ii)  Matrix  operators: 

qif  *  q ft  f q;  q,f  matrices, 
reduces  t0  well-known  matric  recursion  operator 

<t>  *  D2  ♦  q+  *  Dq+0‘1  ♦  q'D'^q'D"1, 
associated  with  the  N  x  N  matrix  Schroedinger  eigenvalue  probli 
dimension  [15]. 

The  directional  derivative  q|2  tfi2^912  of  q12: 

d 

q12d^f12^g12  *  f12g12  ’ 


(5.21) 


(5.22) 


in  one 


(5.23) 


1)  is  exactly  the  usual  Frtfchet  derivative  3^f12^9I2  of 
ii)  Corresponds  to  the  usual  Frfcchet  derivative  q±[f]g  of  q”: 

<T  [■Fjg  a  f*g  a  fg  i  gf.  (5.24) 

Since  the  t  operators  in  (5.20a),  (5.8b),  (5.21)  and  (5.18b)  satisfy 
the  same  algebraic  identities  (A. 3),  then  important  algebraic  properties  of 
the  recursion  operator#^  the  KP  equation  (like  heredi tariness )  are  equi¬ 
valent  to  the  corresponding  properties  of  the  nonlocal  recursion  operator  *12 
(5.11)  and,  even  more  remarkable,  of  the  matrix  recursion  operator  (5.22). 

In  order  to  make  this  connection  with  the  matrix  formalism  more  clear, 
we  observe  that  the  nonlocal  problem  (5.3)  can  be  obtained  taking  the  N  -  °° 
limit  of  the  N  x  N  matrix  one  dimensional  Schroedinger  problem 

W  ♦  q  W  =  A  W,  (5.25) 

-xx  2  -  — 


*1 


where  the  coefficients  of  the  matrix  q  are  chosen  in  the  form 
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(3>ij  ’  *  a(4i.j*i  '  si,j-ii 

with  the  obvious  prescriptions 

a<snj-i  '  ^377  • 


(5.26) 


(5.27) 


-  The  connection  between  equations  in  2+1  and  N  x  N  matrix  equations  in 
1+1  was  first  used  by  P.  Caudrey.  He  introduced  in  [16]  a  NxN  spectral  problem 
(similar  to  (5.25))  which  reduces  to  (5.2)  in  the  limit  N-»».  Then  he  showed 
that  the  NxN  Riemann-Hi lbert  formalism  associated  with  it  becomes,  in  the 
limit  N-  ®,  the  nonlocal  Riemann-Hilbert  and  the  3  formalisms  of  (5.2)  [17]. 

The  connection  established  in  this  section  between  the  spectral  prob¬ 
lems  (5.25),  (5.3)  and  (5.2)  implies  that  the  well  established  theory  of 
recursion  operators  and  their  connection  to  the  bi-Hamiltonian  formalism  In 
1+1  dimensions,  once  applied  to  the  matrix  problem  (5.25),  gives  rise,  In  the 
limit  N  to  the  corresponding  theory  developed  in  [1]  and  in  this  paper 
for  2+1  dimensional  systems. 

It  is  remarkable  that  both  algebraic  properties  and  methods  of  solution 
for  integrable  systems  in  2+1  dimensions  can  be  justified  and  obtained  from 
the  corresponding  properties  of  1+1  dimensional  systems. 


ACKNOWLEDGEMENTS 

It  is  a  pleasure  to  acknowledge  useful  discussions  with  M.J.  Ablowitz. 

One  of  the  authors  (P.M.S.)  wishes  to  acknowledge  the  warm  hospitality  of 
the  Mathematics  Department  of  the  University  of  Paderborn,  where  the  last  part  of 
this  paper  was  completed.  He  also  acknowledges  interesting  discussions  with  8. 
Fuchssteiner  and  W.  Oevel.  Particular  thanks  go  to  W.  Oevel  for  generously 
computing  some  of  the  functions  <t> *12^12^12^  discussed  in  this  paper,  using  the 
system  of  algebraic  manipulation  MAXIMA.  This  work  was  supported  by  the 


-33- 


National  Science  Foundation  under  grant  number  QMS  8501325  and  the  Office  of 
Naval  Research  under  grant  number  N00014-76-C-0867. 


APPENOIX  A. 

In  this  Appendix  we  present  some  of  the  explicit  calculations  necessary 
to  apply  the  results  presented  in  this  paper  to  the  classes  of  evolution  equa¬ 
tions  associated  with  the  K P  and  the  OS  equations.  In  order  to  make  this 
paper  self-contained,  we  first  present  some  results  contained  in  Appendices 
B,  C  of  [1]. 

The  directional  derivatives  of  the  basic  operators  qj2  and  Qj2,  d*“ 
fined  in  (1.4b)  and  (1.10b)  respectively,  are 


q12dCf12]5l2  ’  *12^12'  *12*  «12  «*’*”• 

Q j 2  [fi2^g12  *  f 12g12 *  f12  off’d1 atonal  matrix, 

d 

where  f^  are  defined  by 


f12g12  * 


dy3(f13g32  1  913f32) 


(A. la) 
(A. lb) 

(A. 2) 


The  integral  operators  f^  have  the  following  algebraic  properties 


a12b12  * 

1  b12a 12  * 

(A. 3a) 

( a12b12 

-  b^2aj2)ci2  *  (al2b12}  c12  =  "c12a 12b12 ’ 

(A. 3b) 

(a12b12 

*  bl2a12)c12  *  <a12b12)  c12  =  "c12a12b12 * 

(A. 3c) 

(A. 3d) 

al2  * 

a“2. 

Moreover  the  integral  representations 


q 


12*12 


P  d>3<q13*32  1  'n'W*  «12  ’  412ql  +  a 4 12 * 
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Q12f 12 


dy3^Q13f 32  :  f 13Q32^  *  Q12 


6i2Qr 


imply  that  the  operators  qj2  and  Qj2  satis^  equations  (A. 3)  as  well.  Equations 
(A. 3)  are  conveniently  used  to  show  that: 

a)  The  recursion  operators  4^  (!•*)  an<^  (1*10)  are  strong  symmetries 
of  the  starting  symmetries  ^2H12  an(*  Cl- 11-12)  respectively. 

For  example,  if  K®2  *  Qj2  and  H12  *s  9^ven  (1*12) 


4>12d^Q12H12^f  12  '  (Q12H12)d^l2f12^  +  $12(Q12H12)d^f12^ 

♦  „-l«+ 


1212 ;dL  1212- 

3  “°C (Qi2H12^  P12Q12  *  Q12P12^Q12H12^  ^f12  "  ^ P12'Q12P12Q12 ^ f 12^  H12  + 

*f  -  1  >  •  ♦ 

♦  o(Pj2  -  Qi2Pi2^12^f12H12  *  s’nce  the  t*nns  without  Qj2  give 

P12f  12 ) ”H12  +oP12f12H12  *  and  the  terms  with  ^12  g1ve  “ CT^12H1 2 ^P12^12 f  12 
'oQ12P12(Q12H12)  f12  +  (oQ12P12Q12f 12*  H12  "  oQ12P12Q12f 12H12  " 

3  -a(((Q;2H12)+  *  *  Q12Pl2(f12Q12H12  +  3 

3  'aQ12P12(H12Q12f12  *  f12Q12H12  +  Q12f12H12)  3  °‘ 


b) 


The  Lie  algebra  of  the  starting  symmetries  is  given  by  equations  (1.7) 
and  (1.13).  For  exampl e 
i)  if  ^2H12  are  9’iven  (1-5-6): 

^12H12^*12H12^d  3  (*0q12  *  ql2°  lql2^H12^  H12^  '  D(q12H12^  H12^ 

q12H12  ]  D  q12H12  q12°  q12H12  ]  H12  '0q12(  12  '  H12 


+  n”  n-  1  /  ,u(l),V  u  (  2  )  .  f  u(  2  )  u(l)\  3  M  u(3). 

q12°  *  H12  ’  q 1 2H 1 2  H12  ‘  q12H12  }  M12H12  ’ 

ii)  if  ^2h12  are  9’ven  (1.11-12) 

cSi2Hi2) -  Mo’i.  ■  (Q^H(?,)'Hii)  -  (o;,hSJ>)*;hS^  ■ 


12  12  Jd 


12  12 


12 


'12  12 


'12 


/H(  !)  To"  -.U  (  2  )  ^  f^(u(2)\\-Q*  u(  1)  a  _u  u(3) 

-(H12  )  Q12-h12  L(H12  )}  Q12H12  M12H12 


c) 


The  functions  T^2  given  by  (4.16)  and  (4.25)  satisfy  equations  (4.10); 


« 


for  examples 

if  T ^2  *  *j2’  then 


S 1 2 f  1 2  =  ^12  [612]f12  “  (2612  +  512D’lq12  *  q12°  ^12^12  =  4f12* 
d 

since  5^  *  0  and  <5i2^12  *  2^12‘  ^12^12  * 

d 

If  T  »  jaQ^iz1,  then  eduations  (4*10)  are  satisfied  usin9  the 
following  results: 


TI2  .^f  12^  3  2  -f  12^12 1  =  *°  f12’ 

a 


T12f  12  *  x(a(?ifi2  s  flffy  -  xo 


1 2  T 1 2  * 

f12 

12f 12  * 

CNJ 
*■— a 

f17  off-diagonal 


for  instance: 


S12f 12  * 


-°<T12Pi2912  *  °tzPliTl2)f12  *  c(Pl2-°l2Pl2Ql2)xCTf12  ' 


♦  n-ln+ 


-  x(P12  -  Q12Pi2Q12)f12  =  f 12' 

d)  5 12^12H12,T12^  =  °’  if  *12H12  and  T12  are  given  by  (i,11~12)  and 
(4.25)  respectively,  or  by  3^12’  H12  =  and  512'  fr°r 

example 

i)  ^i2^i2H12,612^d  S  *12512  '  H12  =  °' 

")  5  12^Q12H12,T12^d  =  *12(T12H12  ‘  T12d^Q12H12^ 

=  tJ2(xjQ[2  -  xcQ;,)  •  h19  «  0. 


12 '  12 


e)  Equation  (4.17b)  holds.  It  follows  from  M^2  [5^]  1 

d 

06*2  +  6120~ lq12  *  q12°~  1<512  =  2D’  *hich  implies 


« 
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*12^12  '  H12*  612^  *  2 ^12°  '  H12‘ 


(A. 4) 


Different  choices  of  3  give  different  results.  As  it 

was  shown  in  Appendix  8  of  [1] 


a.n+l<»  u  2  \ i An -i  a  u(£)  u(^)  &  3^  _ 1  ^ 

*12  0  ‘  H1Z  3^{2a)  *12  ‘  *12  '  H12  *  H12  '  -  i 

£*u  -  —  3 

an  analogous,  although  more  tedious  derivation,  gives 


(A. 6) 


."‘o  ■  H12  .  ,yi2  •  H12  *  £  aj(2c)“^“M12  •  H|2 


2£.n-2Jta  .  J2l)  , 

Mi?  "i?  .  (A. 6a) 


(n-l)/2,  n  odd 

n/2 ,  n  even 


(A. 6b) 


HU>  .  3  H(yltr2>  ,  tM  v  , 

12  *  3yi  '  '*  ■  Ct  '  * 

and  the  coefficients  C ! ^  are  obtained  through  the  following  recursive 
construction: 


c(n>l  .  C(m-U  ,  2c(m-l)  ,  ,.(*-!)_ 


(A. 7) 


*  1 

Lo  * 


where  *  0  if  b  <  0  and  b  >  a.  Equations  (A. 4)  and  (A. 6)  imply 
D 

equation  (4.17b). 

f)  512*12*12H12  are  extende<1  gradients;  for  example  if 
i)  K^2  =  Nu  *  q'2,  H12  *  H(ylfy2),  012  *  D  and  n  *  0: 

<fl2,(°*1Ni2Hl2)d[gi2]>  *<fi2.  0*1g;2H12>>  <D'1f12,H:2g12>- 

=  -<H12D  lfi2’g12>  <0  f  12H:2 ’ g12  >* 


11)  *  *12  *  0q*2  ♦  q]20’lq’2,  HJ2  *  H(ylty2).  912  *  D  and  n  »  0: 

<f12^°  1^12H12^d^912^>  *  <f12,912H12  *  0  9123  q12H12  *  D  Q12D  912HI2> 


<f12’(H12-°'1((0’lqi2H12)‘  *  qi2D"lH12))912>  *  <(H12*{ (°’lqI2H12)*  * 


'12J  1h12'#s12 


’12 


♦  HI2D'lq12)D’l)f12‘912>a  <(H12-°”i((D’lq12H12)’  *  qi2H12°’i))f12‘912>- 
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iii)  3  M12  *  Q‘2 r,  H12  defined  in  (1.12)  and  n  *  0: 


<f12’  (aM12H12)dg12>  ’  <f12*  'H12g12>3<-H12f12’g12>  ‘ 
iv)  K°n  3  fi17  a  g‘,,  H13  defined  in  (1.12)  and.n-1: 


'12  •  12*  12 
.ad) 


<  f12,(oN^;H12)dg12>  3  <  ri2’^'^P12^12^12H12^  “  P 12H12 


*  Q12H12P12Q12)g12  =  <("(P12Q12Q12H12)+  '  P12H12  +  Q  H12P12°12) f12 *g12 
g)  Equation  (4.24b)  holds,  since 

<?!r%.  ««K{ui>  ■  -<xQi^^ir1)Hi2*  siz:>’ 

i  dx  dyjdyjSjjtrace  2*" 1  ^12* 


APPENDIX  B. 

IN  this  Appendix  we  show  that  if  #  is  factorizable  in  terms  of  compat 
ible  Hamiltonian  operators  II  and  9  in  the  form  $  *  119  and  if  9  is  invcrti 
and  3^  =  0,  then  equation  (4.5)  holds. 

We  first  show  that 


(«T)*  -L*  *  T*$*,  L  Tb  *  4»LCb]T, 

(B.l) 

4>l[v]T  +  91^0'^  3  $L[T]b. 

(8.2) 

( B . 1 )  simply  follows  from  the  definition  of  the  adjoint: 


<(*T)*  a,b  >  =  <  a ,  $L [ b ] T  ♦  «TL[b]>  3  <  (t  |  +  T***)a,b>, 

while  (8.2)  requires  the  use  of  all  the  hypothesis  of  this  Lemma.: 
<\[v]T  +9Lf0’1v,a>  3  <r.L[9(9‘lv)]0_1T,  a>  +  <aL[9a]  9_1v,  3  lT>  3 
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<a,2L[T]0'1v>’  <a  .♦l[T]v>  . 

Then,  using  (8.1-2)  and  (4.4)  for  n  =  0,  we  obtain  equation  (4.5): 
(($T)l  ♦  Q(4»T)*Q'1)v  *  <b(TL[v]  +  0T*0'1v)  +  $L(v]T  + 

♦  0I*0_1v  +  0(T*4>*  -  ♦#T*)0''1v  = 

=  *(TlM  +  ©T*©"^)  +  OS*©'^. 
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